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Particle-hole symmetry (PHS) of conductance into subgap states in superconductors (SCs) is
a fundamental consequence of the mean-field theory of superconductivity. The breaking of this
PHS has been attributed to quasiparticle poisoning (QP), a process detrimental to the coherence
of SC-based qubits. Here, we propose a generic mechanism without involving QP which can break
the PHS of subgap conductances, namely by coupling the subgap state to a bosonic bath. We
study the effect of such coupling on the PHS of subgap conductances in SCs using both the rate
equation and Keldysh formalism that have different regimes of validity. In both regimes, we found
that such coupling gives rise to a particle-hole asymmetry in subgap conductances which increases
with increasing coupling strength and subgap-state particle-hole content imbalance. Our results
show that the PHS breaking of subgap conductances in SCs could be a signature of significant
modification of the conductance spectra by coupling to bosonic modes such as phonons instead of
QP.
Introduction.— Subgap states in superconductors
(SCs) are key features of topological superconducting
phases [1–10] which offer great promise for quantum in-
formation processing [11, 12]. Tunneling transport into
such Andreev bound states (ABSs) provides the most di-
rect way to detect them [13–16] (Hereafter ABS refers to
any subgap state in SCs). Most of our understanding of
tunneling into SCs is based on the celebrated Blonders-
Tinkham-Klapwijk (BTK) formalism [17]. One univer-
sal consequence of this theory is a precise particle-hole
symmetry (PHS) of the conductance into any ABS in an
SC [15, 18, 19]. Specifically, this theory predicts that
the differential conductance at a positive voltage V in-
side the SC’s gap to precisely match its counterpart value
at −V . This symmetry has been shown to be a conse-
quence of the PHS of the mean-field Hamiltonian used in
the BTK formalism. However, the experimentally mea-
sured conductance into ABSs in SCs are often found to
be particle-hole (PH) asymmetric [20–32]. One way to
reconcile this PH asymmetry with the BTK theory is to
introduce quasiparticle poisoning induced either by cou-
pling the ABS to a fermionic bath [19, 33, 34] or through
a relaxation process from the ABS to the SC quasiparti-
cle continuum [35].
Quasiparticle poisoning (QP) [36–40] refers to a pro-
cess where an electron tunnels from the bulk of the SC
to an ABS which changes the occupation (parity) of the
ABS. Since the parity is used as the qubit state, QP
then introduces bit-flip errors [41–44]. Moreover, as the
QP breaks the PHS of subgap conductances [19, 33, 34],
one may be tempted to associate the PH asymmetry to
short qubit lifetime. We will show that this correlation is
not true in general as the PH asymmetry can also arise
without QP.
In this Letter, we demonstrate that the inclusion of
a bosonic bath with an energy below the ABS energy
can break the PHS of the subgap conductance without
changing the SC’s parity state. To this end, we study the
tunneling transport from a normal lead into an ABS cou-
pled to bosonic modes, e.g., phonons or plasmons in the
SC. We consider two different limits: weak and strong
tunneling regimes where the ABS-lead tunnel strength is
smaller and larger than the thermal broadening ∼ kBT ,
respectively. The weak tunneling limit is studied using
the rate equation [45, 46] which is valid for all values of
ABS-boson coupling strength where the tunneling rates
are obtained using the Fermi’s Golden rule (FGR). In
the strong tunneling limit, we study the transport us-
ing the Keldysh formalism [45] and treat the ABS-boson
coupling within the mean-field approximation.
PHS from FGR.— We begin by using the FGR to
show that while subgap conductances in gapped SCs (SCs
without baths) preserve PHS even in the presence of in-
teractions, the PHS is broken for the case of SCs with
gapless excitations (e.g., phonons, quasiparticles, etc.).
The simplest application of FGR [20–22, 47] considers
the conductance into an ABS at positive [Fig. 1(a)] and
negative subgap energies [Fig. 1(b)] to arise from the tun-
neling of electrons and holes, respectively, into the ABS
(changing the ABS occupancy n from 0 → 1). The tun-
neling rates of electrons [R0→1;e in Fig. 1(a)] and holes
[R0→1;h in Fig. 1(b)] can be calculated from the FGR
to be proportional to the particle and hole component of
the ABS wavefunction, respectively. This suggests that
the tunneling conductance into an ABS with different
weights of particle and hole component is PH asymmet-
ric. However, this simple argument implicitly assumes
the presence of QP [19] which empties out the electron
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FIG. 1. Sequential tunneling of (a) electrons and (b) holes,
from the lead (grey rectangles) to the ABS (blue lines), giv-
ing rise to current at (a) positive and (b) negative voltages,
respectively [see Eq. (1)]. The first tunneling flips the ABS
occupancy n from 0→ 1 and occurs with rates (a) R0→1;e or
(b) R0→1;h. The second tunneling, which flips n from 1→ 0,
occurs with rates (a) R1→0;e or (b) R1→0;h. In the absence of
a bosonic bath, R0→1;e = R1→0;h and R1→0;e = R0→1;h giv-
ing a PH symmetric conductance. However, in the presence
of a bosonic bath, the second tunneling can transfer lead elec-
trons within an energy range (a) above or (b) below the ABS
energy (shown as shaded blue region) as the energy difference
can be dumped by emitting bosons (green squiggly lines). As
a result, R0→1;e 6= R1→0;h and R1→0;e 6= R0→1;h resulting in
a PH asymmetric conductance.
from the ABS after each tunneling event such that its
occupancy n returns to n = 0. This implicit assumption
can be avoided by taking into account the change in the
ABS occupancy n = 0, 1 after each tunneling.
As seen in Fig. 1(a), the tunneling of electrons flips
n either from 0 → 1 (with a rate R0→1;e) or vice-versa
(with a rate R1→0;e). Since each tunneling event flips
n → n¯ ≡ 1 − n, a full cycle of transferring a pair of
electrons returns the occupancy to the initial |n = 0〉
occupancy state. The total time for this process that
transfers a charge of 2e is τ = (R0→1;e)−1 + (R1→0;e)−1
leading to a current I = 2e/τ . Combining this result with
the analogous argument for negative voltages [Fig. 1(b)]
leads to the expression for the tunneling current (more
detailed derivation later):
I =

2e
R0→1;eR1→0;e
R0→1;e +R1→0;e
for eV & |ε˜A|+ kBT ,
−2e R
0→1;hR1→0;h
R0→1;h +R1→0;h
for eV . −(|ε˜A|+ kBT ),
(1)
where ε˜A is the interaction-renormalized ABS energy, kB
is the Boltzmann constant, and T is the temperature.
The constraints on the voltage V in Eq. (1) are needed
to clearly separate the electron and hole tunneling shown
in Fig. 1. Using the FGR, we can calculate the elec-
tron and hole tunneling rates as Rn→n¯;e ∝ |〈n¯|dˆ†A|n〉|2
and Rn→n¯;h ∝ |〈n¯|dˆA|n〉|2, where dˆ†A and dˆA are the
electron and hole creation operators in the ABS, respec-
tively. Since R0→1;e = R1→0;h and R1→0;e = R0→1;h, the
current [Eq. (1)] is antisymmetric I(V ) = −I(−V ) and
the corresponding subgap conductance shows PHS for a
gapped SC even in the presence of interactions. However,
as we will show below, this PHS is broken in the presence
of a bosonic bath.
Model.— We consider an ABS coupled to a normal lead
and bosonic modes (e.g., phonons), as shown in Fig. 1.
The total Hamiltonian of the system comprises of the
Hamiltonian of a phonon-coupled ABS, lead and tunnel
coupling, i.e, Hˆ = HˆA + HˆL + HˆT, where
HˆA = εAγˆ
†γˆ + λγˆ†γˆ(bˆ† + bˆ) + Ωbˆ†bˆ, (2a)
HˆL =
∑
k
εL,k cˆ
†
L,k cˆL,k, (2b)
HˆT = tcˆ
†
LdˆA + H.c. (2c)
Here, εA is the ABS energy, γˆ (γˆ
†) is the Bogoliubov
annihilation (creation) operator of the ABS, λ is the
ABS-phonon coupling strength, bˆ (bˆ†) is the phonon an-
nihilation (creation) operator and Ω is the phonon fre-
quency. The operator cˆL,k (cˆ
†
L,k) annihilates (creates)
the lead electron with momentum k and energy εL,k. At
the ABS-lead contact, electrons tunnel with a strength t,
the electron annihilation operator of the lead and ABS
are cˆL =
∫
dkcˆL,k/(2pi) and dˆA = uγˆ + vγˆ
† [48], re-
spectively, with u and v being the particle and hole
component of the ABS wavefunction (|u|2 + |v|2 = 1).
The ABS-phonon coupling term can be eliminated using
the Lang-Firsov canonical transformation ˆ˜H = eSˆHˆe−Sˆ
where Sˆ = λΩ γˆ
†γˆ(bˆ† − bˆ) [49, 50]. This transformation
introduces the renormalization εA → ε˜A = εA − λ2/Ω,
bˆ → ˆ˜b = bˆ − λγˆ†γˆ/Ω, γˆ → ˆ˜γ = γˆYˆ and dˆA → ˆ˜dA =
uγˆYˆ + vγˆ†Yˆ † where Yˆ = e−λ(bˆ
†−bˆ)/Ω (see Ref. [51]).
The current operator is Iˆ = −e ˙ˆNL = ie[NˆL, ˆ˜HT] =
i e~ (tcˆ
†
L
ˆ˜
dA − H.c.) where ˙ˆNL is the time derivative of the
lead electron number. The current is proportional to
the tunnel coupling strength Γ ≡ 2pit2ν0 where ν0 is the
density of states at the lead Fermi energy. The ratio
Γ/kBT determines two different transport regimes: weak
(Γ/kBT < 1) and strong (Γ/kBT > 1) tunneling regimes.
Rate equation.—We begin by considering the weak
tunneling limit where the rate equation [45, 46] can be
applied for all values of λ. In the absence of the lead
coupling, the eigenstates of the ABS-phonon system can
be written as |n, q〉 with eigenenergies En,q = nε˜A + qΩ
where the indices n = 0, 1 and q denote the ABS and
phonon occupation numbers, respectively. The tunnel-
ing of electrons and holes from the lead to the ABS in-
troduce transitions between the eigenstates |n, q〉. If the
tunneling rate Γ/~ is slower than the phonon relaxation
rate such that the phonons acquire the equilibrium dis-
tribution P phq = e
−qΩ/kBT (1− e−Ω/kBT ), the probability
that the system in the state |n, q〉 can be factorized as
Pnq = P
nP phq . In the steady state, P
n satisfies the rate
3equation (see Ref.[52]):
0 =
∂Pn
∂t
= P n¯
∑
p=e,h
Rn¯→n;p − Pn
∑
p=e,h
Rn→n¯;p, (3)
where the probability flux due to the transitions from
|n¯〉 → |n〉 and vice versa cancels each other. These tran-
sitions rates can be calculated using the FGR as [51]
Rn→n¯;e =
Γ
~
|〈n¯|dˆ†A|n〉|2
∑
q,q′
|Yqq′ |2f(En¯,q′ − En,q − eV ),
Rn→n¯;h =
Γ
~
|〈n¯|dˆA|n〉|2
∑
q,q′
|Yqq′ |2f(En¯,q′ − En,q + eV ),
(4)
where 〈n¯|dˆ†A|n〉 and 〈n¯|dˆA|n〉 are the bare tunneling
matrix elements for electrons and holes, respectively,
Yqq′ = 〈q|e−λ(bˆ†−bˆ)/Ω|q′〉 is the phonon emission or ab-
sorption matrix element [45, 51], and f(E) = [1 +
exp(−E/kBT )]−1 is the lead Fermi function. Note
that |〈1|dˆ†A|0〉|2 = |〈0|dˆA|1〉|2 = |u|2 and |〈0|dˆ†A|1〉|2 =
|〈1|dˆA|0〉|2 = |v|2 [51]. Solving Eq. (3) together with
the normalization condition P 0 + P 1 = 1, we obtain P 0
and P 1. Substituting these probabilities into the current
I = e
∑
n P
n
(
Rn→n¯;e −Rn→n¯;h) [45], we have
I = 2e
R0→1;eR1→0;e −R0→1;hR1→0;h
R0→1;e +R1→0;h +R1→0;e +R0→1;h
. (5)
The conductance dI/dV of Eq. (5) is in general PH
asymmetric (see Ref. [53] for the proof). We can show
that Eq. (5) reduces to Eq. 1 that was derived earlier
based on Fig. 1 by using the fact that R0→1;h, R1→0;h ≈ 0
for eV & |ε˜A| + kBT and R0→1;e, R1→0;e ≈ 0 for eV .
−(|ε˜A| + kBT ) (see Ref. [53]). While Eq. (1) implies
PHS for subgap conductances of gapped SCs, the inclu-
sion of a bosonic bath modifies the tunneling rates in
Eq. (1) so as to break the conductance PHS. This break-
ing of PHS can be understood more intuitively in the
low-temperature regime kBT  Ω. In this limit, the first
tunneling, which occurs with rates R0→1;e [Fig. 1(a)] or
R0→1;h [Fig. 1(b)], transfers only lead electrons or holes
near the lead Fermi energy and cannot occur with phonon
emissions since there are no occupied electrons (holes)
above (below) the Fermi level. In contrast, the second
tunneling, which happens with rates R1→0;e [Fig. 1(a)]
or R1→0;h [Fig. 1(b)], can occur with phonon emissions
since it transfers electrons and holes with energies deep
inside the lead Fermi energy. This means that R0→1;e 6=
R1→0;h and R1→0;e 6= R0→1;h in general [54] unlike in
the case of gapped SCs we discussed earlier. As a re-
sult, I(V0) 6= −I(−V0) [see Eq. (1)] and the conductance
becomes PH asymmetric, i.e., dIdV
∣∣
V=V0
6= dIdV
∣∣
V=−V0 .
Figure 2 shows the conductance dI/dV (see Ref. [56]
for the current) of phonon-coupled ABSs calculated from
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FIG. 2. Conductance dI/dV of phonon-coupled ABSs vs
voltage V calculated using the rate equation [Eq. (5)] for
(a) different ratios of PH components |u|2/|v|2 [55] with
λ/Ω = 1 and (b) different ABS-phonon coupling strengths λ
with |u|2/|v|2 = 1/3. Inset: (a) Conductance PH asymmetry
ζ vs ||u|2−|v|2| or (b) ζ vs λ/Ω. Due to the ABS-phonon cou-
pling, the ABS energy gets renormalized by εA → εA − λ2/Ω
which shifts the position of the conductance peaks [see panel
(b)]. The parameters for all panels are: εA/Ω = 3, Γ/Ω =
0.05/(2pi), and kBT/Ω = 0.4.
Eq. (5). As shown in Fig. 2(a), the conductance decreases
with increasing ABS’s PH content imbalance ||u|2− |v|2|
because the terms R0→1;eR1→0;e and R0→1;hR1→0;h in
Eq. (5) are ∝ |uv|2 = [1 − (|u|2 − |v|2)2]/4. In contrast,
the conductance PH asymmetry ζ increases linearly with
increasing ABS’s PH content imbalance ||u|2 − |v|2|[see
the inset of Fig. 2(a)], where we define
ζ ≡ |(dI/dV )max,− − (dI/dV )max,+|
(dI/dV )max,− + (dI/dV )max,+
, (6)
with (dI/dV )max,−/+ ≡ maxV≤0/V≥0 dI/dV being the
peak conductance at negative and positive voltages, re-
spectively. ζ = 1 (ζ = 0) corresponds to the per-
fectly asymmetric (symmetric) conductance. Fig. 2(b)
shows that the peak conductances decrease with increas-
ing ABS-phonon coupling strength λ since λ broadens the
ABS energy which in turn decreases the effective tunnel
coupling. The conductance PH asymmetry ζ [57], how-
ever, increases with increasing λ [see inset of Fig. 2(b)]
in the regime |ε˜A|  kBT where the two peaks are well
separated. For the regime where |ε˜A| ≈ kBT , ζ has a
nonmonotonic behavior with λ (see Ref. [58] for de-
tails). In Ref. [58], we also show that the PH asym-
metry ζ decreases with increasing temperature, has a
non-monotonic dependence on the phonon frequency, and
only prevails for Ω . 2|ε˜A|+ kBT .
Keldysh.—In the strong tunneling limit (Γ > kBT ),
we compute the current using the mean-field Keldysh
formalism. We begin by rewriting Eq. (2a) in terms of the
phonon displacement [xˆ = (bˆ + bˆ†)/
√
2] and momentum
4[pˆ = −i(bˆ− bˆ†)/√2] operator as
HˆA = εAγˆ
†γˆ +
√
2λγˆ†γˆxˆ+
Ω
2
(xˆ2 + pˆ2)− Ω
2
. (7)
We calculate the mean-field energy εA +
√
2λ〈xˆ〉 by self-
consistently solving for 〈xˆ〉 where 〈· · · 〉 is the expectation
value with respect to the mean-field eigenfunction. To
this end, we solve for ∂〈HˆA〉/∂〈xˆ〉 = 0 and ∂〈HˆA〉/∂〈pˆ〉 =
0, giving 〈xˆ〉 = −
√
2λ
Ω 〈γˆ†γˆ〉 and 〈pˆ〉 = 0.
The ABS Green’s function in the Lehmann repre-
sentation is gA(ω) =
Φ+Φ
†
+
ω−(εA+
√
2λ〈xˆ〉) +
Φ−Φ
†
−
ω+(εA+
√
2λ〈xˆ〉)
where Φ+ = (1, 0)
T and Φ− = (0, 1)T are the Nambu
spinors written in the Nambu basis (γˆ, γˆ†)T . The
ABS’s self energy due to the lead coupling is ΣrA(ω) =
tˇ†diag(grL(ω−), g
r
L(ω+))tˇ where tˇ = t
(
u v
−v∗ −u∗
)
is the
hopping matrix, and grL(ω−) = g
r
L(ω+) = −ipiν0 is the
lead retarded Green’s function with ω± = ω ± eV . Sim-
ilar relations apply for Σa,<,>A (ω). The retarded and
advanced Green’s functions of the ABS coupled to the
lead are obtained from the Dyson equation: Gr,aA =
gr,aA (1−gr,aA Σr,aA )−1. The ABS lesser Green’s function [59]
is G<A =
1
1−grAΣrA [g
<
A (1 + Σ
a
AG
a
A) + g
r
AΣ
<
AG
a
A] and similar
relation holds for G>A . The explicit expressions for G
<,>
A
(see Ref. [60]) are calculated using g<j (ω) = f(ω)(g
a
j −grj )
and g>j (ω) = −(1−f(ω))(gaj−grj ) where j = L, A. Follow-
ing Refs. [35, 61], we use the Keldysh Green’s functions
to evaluate the current as [62]
I(V ) =
e
h
Γ2
∫
dωA(ω)[f(ω−)− f(ω+)], (8)
where
A(ω) = 4|uv|
2[
ω − (εA+
√
2λ〈xˆ〉)2
ω − (Γu−Γv)
2
4ω
]2
+ (Γu + Γv)2
,
(9)
with Γu = Γ|u|2 and Γv = Γ|v|2. The mean-field phonon
displacement 〈xˆ〉 in Eq. (9) is evaluated self-consistently
as
〈xˆ〉 = −
√
2λ
Ω
〈γˆ†γˆ〉 = − λ√
2Ω
{
1− i
∫
dω
2pi
Tr
[
G<A(ω)ηz
]}
,
(10)
where (G<αβ)A = i〈Ψ†αAΨβA〉 is given in the Nambu space
with ΨA = (γˆ, γˆ
†)T and ηz is the z-Pauli matrix in the
Nambu space.
Figure 3 shows the conductance (see Ref. [56] for the
current) of phonon-coupled ABSs calculated from Eq. (8)
subject to the self-consistency condition [Eq. (10)]. Sim-
ilar to the rate equation, the conductance of phonon-
coupled ABSs calculated using the Keldysh approach also
decreases with increasing ABS’s PH content imbalance
||u|2 − |v|2| [see Fig. 3(a)] with its PH asymmetry ζ in-
creases linearly with increasing ||u|2 − |v|2| [see inset of
Fig. 3(a)]. On the other hand, as shown in Fig. 3(b)
the peak conductance values and its PH asymmetry ζ
increase with increasing ABS-phonon coupling strength
λ [63].
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FIG. 3. Conductance dI/dV of phonon-coupled ABSs
vs voltage V calculated using the mean-field Keldysh ap-
proach [Eq. (8)] for (a) different ratios of PH components
|u|2/|v|2 [55] with λ/Ω = 1 and (b) different ABS-phonon
coupling strengths λ with |u|2/|v|2 = 1/3. Inset: (a) Conduc-
tance PH asymmetry ζ vs ||u|2−|v|2| or (b) ζ vs λ/Ω. Due to
the ABS-phonon coupling, the ABS energy gets renormalized
by εA → ε˜A = εA +
√
2λ〈xˆ〉 [see Ref. [56] for the values of 〈xˆ〉]
which shifts the position of the conductance peak [see panel
(b)]. The parameters for all panels are: εA/Ω = 3, Γ/Ω = 2,
and kBT/Ω = 0.4.
Conclusions.— We have shown that the coupling of
ABSs to a bosonic bath can break the PHS of subgap con-
ductances in SCs without changing the SC’s parity state.
The conductance PH asymmetry increases with increas-
ing ABS’s PH content imbalance and coupling strength to
the bath. Our theory is general as it applies to all ABSs,
e.g., quasi-Majorana modes [64, 65], Shiba states [66–
68], Caroli-de Gennes-Matricon states [69], etc., which
couple to low-frequency bosonic modes such as acous-
tic phonons, surface plasmons in the lead or SC, etc.
Specifically, the breaking of PHS in the conductance re-
sults from the emission of bosons in the second tun-
neling which is energetically allowed if the boson fre-
quency Ω . 2|ε˜A| + kBT . Since these low-frequency
bosonic modes such as acoustic phonons are ubiquitous
in SCs, we expect electron-phonon interactions (EPI) to
significantly affect the transport in SCs particularly the
semiconductor-SC heterostructures used to realize topo-
logical SCs [25–32]. In fact, measurements of transport
in semiconductor devices have observed features [70–74]
associated with EPI that is theoretically understood [75–
77]. We estimate that for a typical topological-SC ex-
periment which uses either InAs or InSb semiconductor
with a length of ` ∼ 1 µm (having a phonon frequency
Ω ∼ ~vspi/` = 7.2 µeV where vs ≈ 3.5×105 cm/s [78–80]
5is the sound velocity), EPI can give rise to a conductance
PH asymmetry for ABSs with energies εA & Ω/2 = 3.6
µeV. Therefore, contrary to QP, EPI does not affect the
quantized value of the zero-bias Majorana conductance.
Compared to diagrammatic techniques, the FGR is a
more controlled approach in treating the effect of in-
teractions on transport in SCs in the strict tunneling
limit. This is because interaction diagrams can generate
an imaginary self-energy [35], resulting in a conductance
PH asymmetry similar to QP [19]. Therefore, it is crucial
to enforce a fermion parity conservation in the diagram-
matic treatment like our mean-field Keldysh approxima-
tion. Finally, we note that our mechanism maybe related
to but is quite distinct from the breaking of subgap-
conductance PHS from the bias-voltage dependence of
the tunnel barrier [81]. While this mechanism can be
treated within the Keldysh approach by moving the in-
teraction term from the ABS to the barrier, it vanishes
in the tunneling limit where FGR applies.
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I. LANG-FIRSOV TRANSFORMATION AND THE MATRIX ELEMENTS OF Yqq′ ,
ˆ˜
dA AND
ˆ˜
d†A
In this section, we follow Ref. [50] to derive the matrix elements for the phonon-assisted tunneling for electrons (
ˆ˜
d†A)
and holes (
ˆ˜
dA) and the phonon absorption or emission matrix elements Yqq′ . We begin by writing the Hamiltonian of
an ABS coupled to a normal lead and bosonic modes, e.g., phonons, as the sum of the Hamiltonian of a phonon-coupled
ABS, lead and tunnel coupling, Hˆ = HˆA + HˆL + HˆT [Eq. (2) of the main text], where
HˆA = εAγˆ
†γˆ + λγˆ†γˆ(bˆ† + bˆ) + Ωbˆ†bˆ, (S-1a)
HˆL =
∑
k
εL,k cˆ
†
L,k cˆL,k, (S-1b)
HˆT = tcˆ
†
LdˆA + H.c. (S-1c)
Here, εA is the ABS energy, γˆ (γˆ
†) is the Bogoliubov annihilation (creation) operator of the ABS, λ is the ABS-phonon
coupling strength, bˆ (bˆ†) is the phonon annihilation (creation) operator and Ω is the phonon frequency. The operator
cˆL,k (cˆ
†
L,k) annihilates (creates) the lead electron with momentum k and energy εL,k. At the ABS-lead contact,
electrons tunnel with a strength t, the electron annihilation operator of the lead and ABS are cˆL =
∫
dkcˆL,k/(2pi)
and dˆA = uγˆ + vγˆ
†, respectively, with u and v being the particle and hole component of the ABS wavefunction
(|u|2 + |v|2 = 1).
To eliminate the ABS-phonon coupling, we can transform the Hamiltonian [Eq. (S-1)] using a canonical transfor-
mation
ˆ˜H = eSˆHˆe−Sˆ , (S-2)
where
Sˆ =
λ
Ω
γˆ†γˆ(bˆ† − bˆ), (S-3)
is the Lang-Firsov transformation operator [49]. Using the relation
ˆ˜A = eSˆAˆe−Sˆ = Aˆ+ [Sˆ, Aˆ] +
1
2!
[Sˆ, [Sˆ, Aˆ]] + · · · , (S-4)
we can write the transformed annihilation and creation operators for the Bogoliubov quasiparticles, ABS electrons
and phonons as
ˆ˜γ = γˆYˆ , (S-5a)
ˆ˜γ† = γˆ†Yˆ †, (S-5b)
ˆ˜
dA = uγˆYˆ + vγˆ
†Yˆ †, (S-5c)
ˆ˜
d†A = u
∗γˆ†Yˆ † + v∗γˆYˆ , (S-5d)
ˆ˜
b = bˆ− λ
Ω
γˆ†γˆ, (S-5e)
ˆ˜
b† = bˆ† − λ
Ω
γˆ†γˆ, (S-5f)
where Yˆ = exp
[
− λΩ (bˆ† − bˆ)
]
. Under this transformation, the number operator remains the same, i.e., ˆ˜γ† ˆ˜γ =
9γˆ†γˆYˆ †Yˆ = γˆ†γˆ and the Hamiltonians [Eq. (S-1a) and Eq. (S-1c)] transform as
ˆ˜HA = εAγˆ
†γˆ + λ
(
bˆ† + bˆ− 2λ
Ω
γˆ†γˆ
)
γˆ†γˆ + Ω
(
bˆ† − λ
Ω
γˆ†γˆ
)(
bˆ− λ
Ω
γˆ†γˆ
)
(S-6a)
=
(
εA − λ
2
Ω
)
γˆ†γˆ + Ωbˆ†bˆ,
ˆ˜HT = tcˆ
†
L
ˆ˜
dA + H.c., (S-6b)
where
ˆ˜
dA = uγˆYˆ + vγˆ
†Yˆ † is the Lang-Firsov transformation of dˆA.
We can evaluate the electron and hole tunneling matrix elements which change the ABS occupancy number n from
0→ 1 and the phonon occupancy from q′ → q as
〈1, q| ˆ˜d†A|0, q′〉 = u∗〈1|γˆ†|0〉〈q|Yˆ |q′〉
= u∗Yqq′ , (S-7a)
〈1, q| ˆ˜dA|0, q′〉 = v〈1|γˆ|0〉〈q|Yˆ |q′〉
= vYqq′ , (S-7b)
respectively. Using the Baker-Campbell-Haussdorf formula, we have
Yˆ = e−
λ
Ω (bˆ
†−bˆ) = e−
λ2
2Ω2 e−
λ
Ω bˆ
†
e
λ
Ω bˆ, (S-8)
and we can evaluate the phonon emission or absorption matrix element as [45]
Yqq′ = 〈q|e− λΩ (b†−b)|q′〉
= 〈q|e− λ
2
2Ω2 e−
λ
Ω bˆ
†
e
λ
Ω bˆ|q′〉
= e−
λ2
2Ω2
min(q,q′)∑
m=0
(
− λ
Ω
)q−m(
λ
Ω
)q′−m √
q!q′!
m!(q −m)!(q′ −m)! , (S-9)
where |Yqq′ |2 is symmetric under the interchange q ↔ q′. Note that in going to the third line of Eq. (S-9), we have
used the following relations:
e
λ
Ω bˆ|q′〉 =
∞∑
m=0
1
m!
(
λ
Ω
)m
bˆm|q′〉 =
q′∑
m=0
1
m!
(
λ
Ω
)m√
n′!
(q′ −m)! |q
′ −m〉, (S-10a)
〈q|e− λΩ bˆ† =
q∑
l=0
1
l!
(
− λ
Ω
)l
〈q|(bˆ†)l =
q∑
l=0
1
l!
(
− λ
Ω
)l√
q!
(q − l)! 〈q − l|. (S-10b)
II. RATE EQUATION
The stationary-state rate equation satisfied by the probability Pnq of an ABS-phonon system being in the state
|n, q〉, i.e, having an ABS occupation number n and phonon occupation number q, is given by [45, 46]
0 =
∂Pnq
∂t
=
∑
q′
P n¯q′{Rn¯→n;eq′→q +Rn¯→n;hq′→q } − Pnq
∑
q′
[
Rn→n¯;eq→q′ +R
n→n¯;h
q→q′
]
+ Pnq+1ηq+1;− + P
n
q−1ηq−1;+ − Pnq (ηq;+ + ηq;−) . (S-11)
The second line in Eq. (S-11) represents the probability flux due to hopping of an electron (e) or hole (h) from the
lead to the ABS which changes the ABS occupation number from n¯ ≡ 1− n to n and the phonon occupancy from q′
10
to q and vice versa. The rates of these phonon-assisted electron and hole tunneling processes are
Rn→n¯;eq→q′ =
2pit2ν0
~
∣∣∣〈n¯, q′ ∣∣∣ ˆ˜d†A∣∣∣n, q〉∣∣∣2 f(En¯,q′ − En,q − eV )
=
Γ
~
|〈n¯|dˆ†A|n〉|2|Yqq′ |2f(En¯,q′ − En,q − eV ), (S-12a)
Rn→n¯;hq→q′ =
2pit2ν0
~
∣∣∣〈n¯, q′ ∣∣∣ ˆ˜dA∣∣∣n, q〉∣∣∣2 f(En¯,q′ − En,q + eV )
=
Γ
~
|〈n¯|dˆA|n〉|2|Yqq′ |2f(En¯,q′ − En,q + eV ), (S-12b)
where 〈n¯|dˆ†A|n〉 and 〈n¯|dˆA|n〉 are the bare tunneling matrix elements for electrons and holes, respectively, Yqq′ =
〈q|e−λ(bˆ†−bˆ)/Ω|q′〉 is the phonon emission or absorption matrix element, and f(E) = [1 + exp(−E/kBT )]−1 is the
lead Fermi function. The third line of Eq. (S-11) represents the phonon relaxation where the phonon emission and
absorption probabilities are ηq;+ = A(q+1) and ηq;− = Bq, respectively, with A = Be−Ω/kBT . These probability rates
are consistent with the fluctuation-dissipation theorem. If the tunneling rate Γ/~ is slower than the phonon relaxation
rate such that the phonons acquire the equilibrium distribution P phq = e
−qΩ/kBT (1 − e−Ω/kBT ), the probability Pnq
can be factorized as Pnq = P
nP phq . Summing Eq. (S-11) over q for these factorized probabilities gives
0 = P n¯(Rn¯→n;e +Rn¯→n;h)− Pn (Rn→n¯;e +Rn→n¯;h)+ Pn∑
q
[
P phq+1ηq+1;− + P
ph
q−1ηq−1;+ − P phq (ηq;+ + ηq;−)
]
,
(S-13)
where Rn→n¯;e(h) =
∑
q,q′ R
n→n¯;e(h)
q→q′ and R
n¯→n;e(h) =
∑
q,q′ R
n¯→n;e(h)
q′→q . Since the sum of the phonon relaxation terms
over q [the last four terms in Eq. (S-13)] is zero, Eq. (S-13) then reduces to Eq. (3) of the main text.
III. PROOF OF THE PARTICLE-HOLE ASYMMETRY OF THE PHONON-COUPLED ABS’S
CONDUCTANCE
In this section, we will prove that, unless |u| = |v|, the current into a phonon-coupled ABS [Eq. (5) of the main
text] is in general not PH antisymmetric, i.e., I(V0) 6= I(−V0) resulting in a PH asymmetric conductance, i.e.,
dI
dV
∣∣
V=V0
6= dIdV
∣∣
V=−V0 . Using Eq. (4) of the main text, we can evaluate the current [Eq. (5) of the main text] as
I = 2e
R0→1;eR1→0;e −R0→1;hR1→0;h
R0→1;e +R1→0;h +R1→0;e +R0→1;h
=
2e
~
Γ|uv|2 [W (ε˜A,−)W (−ε˜A,+)−W (ε˜A,+)W (−ε˜A,−)]
|u|2 [W (ε˜A,−) +W (−ε˜A,−)] + |v|2 [W (−ε˜A,+) +W (ε˜A,+)] , (S-14)
where the transition rates [Eq. (4) of the main text] are given by
R0→1;e = Γ|u|2W (ε˜A,−)/~, (S-15a)
R1→0;e = Γ|v|2W (−ε˜A,+)/~, (S-15b)
R0→1;h = Γ|v|2W (ε˜A,+)/~, (S-15c)
R1→0;h = Γ|u|2W (−ε˜A,−)/~, (S-15d)
with
W (x) =
∑
q,q′
P phq |Yqq′ |2f(x− Ω(q − q′)), (S-16a)
ε˜A,± = εA − λ2/Ω± eV. (S-16b)
We will prove below that the function W (x) +W (−x) in the denominator of Eq. (S-14) is an increasing function of
x and hence the denominator in Eq. (S-14) is asymmetric with respect to the interchange V ↔ −V unless |u| = |v|.
We first begin by rewriting W (x) in Eq. (S-16a) as
W (x) =
∫ ∞
−∞
dωZ(ω)f(x− ω), (S-17)
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where
Z(ω) =
∑
q,q′
P phq |Yqq′ |2δ(ω − Ω(q − q′)). (S-18)
Let us define
V (x) ≡W (x) +W (−x) =
∫ ∞
−∞
[Z(ω)− Z(−ω)]f(x− ω)dω +
∑
q,q′
P phq |Yqq′ |2
=
∫ ∞
0
[Z(ω)− Z(−ω)][f(x− ω)− f(x+ ω)]dω +
∑
q,q′
P phq |Yqq′ |2
=
1
2
∫ ∞
0
[Z(ω)− Z(−ω)]
[
tanh
(
x+ ω
2kBT
)
− tanh
(
x− ω
2kBT
)]
dω +
∑
q,q′
P phq |Yqq′ |2.
(S-19)
In the following, we will prove that V (x) is a monotonic function of x. We first begin by noting that Z(ω)−Z(−ω) ≤ 0
for ω ≥ 0. The proof is as follows
Z(ω)− Z(−ω) =
∑
q,q′
P phq |Yqq′ |2 [δ(ω − Ω(q − q′))− δ(−ω − Ω(q − q′))]
=
∑
q,q′
P phq |Yqq′ |2 [δ(ω − Ω(q − q′))− δ(ω + Ω(q − q′))]
=
∑
q,q′
(P phq − P phq′ )|Yqq′ |2δ(ω − Ω(q − q′)), (S-20)
where in the third line we have interchanged q with q′ in the second sum and have made use of the fact that
|Yqq′ |2 = |Yq′q|2. For ω ≥ 0, the delta function forces q ≥ q′ implying that the term (P phq − P phq′ ) ∝ exp(−qΩ/kBT )−
exp(−q′Ω/kBT ) ≤ 0. As a result, Z(ω)− Z(−ω) ≤ 0.
To prove that V (x) is a monotonic function of x, we take the derivative of V (x) [Eq. (S-19)] with respect to x which
gives
V ′(x) =
1
4kBT
∫ ∞
0
[Z(ω)− Z(−ω)]
[
sech2
(
x+ ω
2kBT
)
− sech2
(
x− ω
2kBT
)]
dω ≥ 0. (S-21)
So, V (x) increases monotonically with x. This means that unless |u| = |v|, the denominator in Eq. (S-14) is PH
asymmetric with respect to the interchange of V ↔ −V (which amounts to interchanging ε˜A,− ↔ ε˜A,+ in Eq. (S-14)).
Even though the conductance is not PH symmetric, under a simultaneous interchange of V ↔ −V and |u| ↔ |v|, the
current is antisymmetric (I → −I) resulting in a symmetric conductance.
The PH asymmetry of the conductance can be understood more intuitively in the limit of large positive and negative
voltages |eV | . |ε˜A| + kBT . In the large-positive-voltage regime where eV & |ε˜A| + kBT , W (ε˜A,+),W (−ε˜A,−) ≈ 0
and thus R0→1;h, R1→0;h ≈ 0. On the other hand, in the large-negative-voltage regime where eV . −(|ε˜A| + kBT ),
W (ε˜A,−),W (−ε˜A,+) ≈ 0 and thus R0→1;e, R1→0;e ≈ 0. In this limit, the current [Eq. (S-14)] then reduces to Eq. (1)
of the main text:
I =

2e
R0→1;eR1→0;e
R0→1;e +R1→0;e
for eV & |ε˜A|+ kBT ,
−2e R
0→1;hR1→0;h
R0→1;h +R1→0;h
for eV . −(|ε˜A|+ kBT ).
(S-22)
implying that the current at large positive and negative voltages are due to sequential tunnelings of electrons and
holes, respectively, as shown in Fig. 1 of the main text.
In the non-interacting case (λ → 0), W (x) = f(x) where f(x) is the Fermi function. The current [Eq. (S-14)] is
then given by I = 2 e~Γ|uv|2[f(εA,−)− f(εA,+)] which is PH antisymmetric i.e., I(V ) = −I(−V ). The conductance is
thus PH symmetric.
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IV. CURRENT CALCULATED FROM THE RATE EQUATION AND KELDYSH APPROACH
In this section, we show the current calculated from the rate equation (Fig. S1) and mean-field Keldysh ap-
proach (Fig. S2) corresponding to the conductance shown in Figs. 2 and 3 of the main text, respectively. As shown
in Figs. S1(a) and S2(a), the current decreases with increasing ABS’s PH content imbalance ||u|2− |v|2| where I = 0
when ||u|2−|v|2| = 1. This is due to the fact that the terms R0→1;eR1→0;e and R0→1;hR1→0;h in the current expression
[Eq. (5) of the main text] is ∝ |uv|2 = [1− (|u|2 − |v|2)2]/4.
−1 0 1
Voltage eV/εA
−3
−2
−1
0
1
2
3
C
u
rr
en
t
I
(e
Γ
/h
)
(a)
|u|2/|v|2 = 0
|u|2/|v|2 = 1/9
|u|2/|v|2 = 1/3
|u|2/|v|2 = 1
−1 0 1
Voltage eV/εA
(b)
λ/Ω = 0.0
λ/Ω = 0.5
λ/Ω = 0.75
λ/Ω = 1.0
Supplementary Figure S1. Current I of phonon-coupled ABSs vs voltage V calculated using the rate equation [Eq. (5) of the
main text] for (a) different ratios of PH components |u|2/|v|2 with λ/Ω = 1 and (b) different ABS-phonon coupling strengths λ
with |u|2/|v|2 = 1/3. The conductance calculated from the above current is shown in Fig. 2 of the main text. The parameters
for all panels are: εA/Ω = 3, Γ/Ω = 0.05/(2pi), and kBT/Ω = 0.4.
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Supplementary Figure S2. Current I of phonon-coupled ABSs vs voltage V calculated using the mean-field Keldysh approach
[Eq. (8) of the main text] for (a) different ratios of PH components |u|2/|v|2 with λ/Ω = 1 and (b) different ABS-phonon
coupling strengths λ with |u|2/|v|2 = 1/3. The conductance calculated from the above current is shown in Fig. 3 of the main
text. Inset: Expectation value of the phonon displacement operator 〈xˆ〉 vs voltage V calculated self-consistently using Eq. (10)
of the main text. The parameters for all panels are: εA/Ω = 3, Γ/Ω = 2, and kBT/Ω = 0.4.
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V. DEPENDENCE OF THE CONDUCTANCE PH ASYMMETRY OF THE PHONON-COUPLED ABS
ON THE ABS-PHONON COUPLING STRENGTH, TEMPERATURE, PHONON FREQUENCY, AND
ABS ENERGY
In this section, we calculate the conductance of phonon-coupled ABSs from the rate equation [Eq. (5) of the main
text] and show their dependence on the ABS-phonon coupling strength λ [Fig. S3(a)], temperature T [Fig. S3(b)],
phonon frequency Ω [Fig. S3(c)] and ABS energy εA [Fig. S3(d)]. Figure S3(a) shows that the conductance PH
asymmetry ζ has a nonmonotonic dependence on the ABS-phonon coupling strength λ. In the limit εA−λ2/Ω kBT
(where the two conductance peaks are well separated), the conductance PH asymmetry ζ increases with increasing λ;
this corresponds to the results shown in Fig. 2(b) of the main text. As λ keeps increasing, the two conductance peaks
approach each other and in the regime where εA − λ2/Ω < kBT , the two peaks start to overlap with each other and
ζ decreases with increasing λ. Note that in the regime where εA − λ2/Ω > 0, the higher peak is at positive voltage
for the case where |u|2 > |v|2 while for the case where |v|2 > |u|2, the higher peak is at negative voltage. When
εA−λ2/Ω = 0, the two conductance peaks merge at the zero voltage and ζ = 0. Increasing λ beyond this point splits
the peaks but with the low and high peaks now switching sides. As λ increases further, the two peaks move away
from each other and the PH asymmetry ζ increases and beyond a certain value of λ, ζ becomes weakly dependent on
λ as shown in the inset of Fig. S3(a).
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Supplementary Figure S3. Conductance dI/dV of phonon-coupled ABSs vs voltage V calculated using the rate equation [Eq. (5)
of the main text] for (a) different ABS-phonon coupling strengths λ with kBT/Ω = 0.4, εA/Ω = 3, and Γ/Ω = 0.05/(2pi) (b)
different temperatures T with λ/Ω = 1, εA/Ω = 3, and Γ/Ω = 0.05/(2pi), (c) different phonon frequencies Ω with kBT/λ = 0.4,
εA/λ = 3 and Γ/λ = 0.05/(2pi), and (d) different renormalized ABS energies ε˜
′
A ≡ |εA − λ2/Ω|+ kBT/2 with kBT/Ω = 0.4/9,
λ/Ω = 1/3 and Γ/Ω = 1/(360pi). Inset: (a) Conductance PH asymmetry ζ vs λ/Ω, (b) ζ vs temperature T , (c) ζ vs phonon
frequency Ω, and (d) ζ vs ε˜′A/Ω. Panel (d) shows that the subgap conductances exhibit PH asymmetry only for ε˜
′
A/Ω & 0.5
where ε˜′A ≡ |εA − λ2/Ω|+ kBT/2. The parameters used for all panels are: |u|2/|v|2 = 1/9.
Figure S3(b) shows that the conductance PH asymmetry ζ decreases with increasing temperature T . This is due to
the fact that temperature broadens the conductance peaks. The dependence of the ABS conductance on the phonon
frequency Ω is shown in Fig. S3(c). The PH asymmetry ζ has a nonmonotonic behavior with the phonon frequency
Ω where it first increases with increasing Ω and then after reaching its maximum, it decreases with increasing Ω. The
initial increase of ζ with increasing Ω can be attributed to the fact that the two conductance peaks move away from
each other as Ω increases (ε˜A = εA − λ2/Ω increases with increasing Ω). The decrease of ζ for large Ω is due to
the fact that the effective ABS-phonon coupling strength λ/Ω decreases with increasing Ω. Figure S3(d) shows the
dependence of the conductance on the ABS energy. As shown in the inset of panel (d), the peak conductance only
exhibits the PH asymmetry for Ω . 2|ε˜A| + kBT . This can be understood from the fact that the second tunneling
process [whose rate is R1→0;e in Fig. 1(a) or R1→0;h in Fig. 1(b)] can transfer lead electrons or holes with an energy
difference up to ∼ 2|ε˜A| + kBT from the subgap state, where this energy difference is transferred in form of phonon
energy Ω.
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VI. EXPLICIT EXPRESSIONS FOR G<,>A (ω)
In this section, we evaluate the expressions for the ABS lesser and greater Green’s functions G<,>A (ω) which are
used to calculate the current [Eq. (8) of the main text] and the expectation value of the phonon displacement operator
〈xˆ〉 [Eq. (10) of the main text]. We begin by writing the ABS Green’s function in the Lehmann representation is
gA(ω) =
Φ+Φ
†
+
ω − (εA +
√
2λ〈xˆ〉) +
Φ−Φ
†
−
ω + (εA +
√
2λ〈xˆ〉) . (S-23)
where Φ+ = (1, 0)
T and Φ− = (0, 1)T are the positive- and negative-energy eigenfunction of the ABS written in the
Nambu basis (γˆ, γˆ†)T . The ABS’s self energy due to the lead coupling is ΣrA(ω) = tˇ
†diag(grL(ω−), g
r
L(ω+))tˇ where
tˇ = t
(
u v
−v∗ −u∗
)
is the hopping matrix, and grL(ω−) = g
r
L(ω+) = −ipiν0 is the lead retarded Green’s function with
ω± = ω ± eV . Similar relations apply for Σa,<,>A (ω). The ABS lesser Greens function is [59]
G<A(ω) = g
<
A (ω) + g
r
A(ω)Σ
r
A(ω)G
<
A(ω) +
[
grA(ω)Σ
<
A(ω) + g
<
A (ω)Σ
a
A(ω)
]
GaA(ω)
=
1
1− grA(ω)ΣrA(ω)
[
g<A (ω) (1 + Σ
a
A(ω)G
a
A(ω)) + g
r
A(ω)Σ
<
A(ω)G
a
A(ω)
]
, (S-24)
where Gr,aA = g
r,a
A (1− gr,aA Σr,aA )−1, g<j (ω) = f(ω)(gaj − grj ) and g>j (ω) = −(1− f(ω))(gaj − grj ) with j = L, A. We can
evaluate the explicit expressions for the matrix elements of the ABS lesser Green’s function in the Nambu space, i.e.,
G<A(ω) =
(
G<,eeA (ω) G
<,eh
A (ω)
G<,heA (ω) G
<,hh
A (ω)
)
≡ i
( 〈γ†γ〉 〈γγ〉
〈γ†γ†〉 〈γγ†〉
)
, as
G<,eeA (ω) =
i
D
{
[Γuf(ω−) + Γvf(ω+)]
[(
ω + εA +
√
2λ〈xˆ〉
)2
+
(
Γu − Γv
2
)2]}
, (S-25a)
G<,ehA (ω) =
i
D
{
Γu∗v
[
(f(ω+) + f(ω−))
(
ω2 − (εA +
√
2λ〈xˆ〉)2 −
(
Γu − Γv
2
)2)
+ iω (f(ω+)− f(ω−)) (Γu − Γv)
]}
,
(S-25b)
G<,heA (ω) =
i
D
{
Γuv∗
[
(f(ω+) + f(ω−))
(
ω2 − (εA +
√
2λ〈xˆ〉)2 −
(
Γu − Γv
2
)2)
− iω (f(ω+)− f(ω−)) (Γu − Γv)
]}
,
(S-25c)
G<,hhA (ω) =
i
D
{
[Γuf(ω+) + Γvf(ω−)]
[(
ω − (εA +
√
2λ〈xˆ〉)
)2
+
(
Γu − Γv
2
)2]}
, (S-25d)
where ω± = ω ± eV and
D =
[
ω2 − (εA +
√
2λ〈xˆ〉)2 − (Γu − Γv)
2
4
]2
+ ω2(Γu + Γv)
2, (S-26)
with Γu = Γ|u|2 and Γv = Γ|v|2. The expressions for the matrix elements of the ABS greater Green’s function G>A(ω)
can be obtained from Eq. (S-25) by using the substitutions: f(ω−)→ f(ω−)− 1 and f(ω+)→ f(ω+)− 1.
VII. DERIVATION OF THE CURRENT USING THE KELDYSH METHOD
In this section, we derive the current [Eq. (8) of the main text] following Refs. [35, 61, 82]. We begin by writing
the Hamiltonian as
Hˆ = HˆA + HˆL + HˆT, (S-27)
where
HˆA = (εA +
√
2λ〈xˆ〉)γˆ†γˆ, (S-28a)
HˆL =
∑
k
εL,k cˆ
†
L,k cˆL,k, (S-28b)
HˆT = tcˆ
†
LdˆA + H.c. (S-28c)
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In Eq. (S-28a), HˆA is the mean-field Hamiltonian of the ABS-phonon system obtained by replacing xˆ in Eq. (7) of the
main text by 〈xˆ〉 where 〈xˆ〉 = 〈bˆ+bˆ†〉√
2
is the mean-field phonon displacement. Note that we have dropped the constant
in the Hamiltonian HˆA in Eq. (S-28a) since this is just a shift in the energy. To calculate the current, we first apply
a gauge transformation [83]
Uˆ(τ) = exp
{
i
~
∫ τ
0
dτ ′[µL(τ ′)NˆL + µS(τ ′)NˆS]
}
, (S-29)
to the Hamiltonian Hˆ in Eq. (S-27), where NˆL = cˆ
†
LcˆL and NS = dˆ
†
AdˆA are the lead and substrate electron number,
respectively, with dˆA = uγˆ + vγˆ
†. With this transformation, the single-particle energies in the lead and substrate are
measured from the chemical potential of the lead (µL) and substrate (µS), respectively. The transformed Hamiltonian
is then given by
ˆ`
H = UˆHˆUˆ† − i~Uˆ∂τ Uˆ†
= (HˆL − µLNˆL) + (HˆA − µSNˆS) + UˆHˆTUˆ†, (S-30)
with the tunneling Hamiltonian transformed as
ˆ`
HT = UˆHˆTUˆ
†
= teieV τ/~cˆ†LdˆA + H.c., (S-31)
where eV = µL − µS.
The current operator is given by
Iˆ = e
˙ˆ
NL = ie[NˆL,
ˆ`
HT] = i
e
~
(
teieV τ/~cˆ†LdˆA −H.c.
)
. (S-32)
By taking the expectation value of the current operator in the Nambu basis, we have
I(τ) =
e
2h
Tr
{
ηz[t`(τ)G
<
AL(τ, τ)−G<LA(τ, τ)t`†(τ)]
}
, (S-33)
where ηz is the z-Pauli Matrix in the Nambu basis. In Eq. (S-33), we have introduced the hopping matrix t`(τ) =
eieV τ/~ηz tˇ = t
(
ueieV τ/~ veieV τ/~
−v∗e−ieV τ/~ −u∗e−ieV τ/~
)
and the lesser Green’s function [(G<αβ)ij = i〈Ψ†βjΨαi〉] with i, j = L,A,
in the Nambu space where ΨL = (cˆL, cˆ
†
L)
T and ΨA = (γˆ, γˆ
†)T . We can Fourier-expand the current and Green’s
functions in terms of the frequency ω0 = eV/~, where we have
I(τ) =
∑
n
Ine
inω0τ , (S-34a)
G(τ1, τ2) =
∑
n
einω0τ2
∫ ∞
−∞
dω
2pi
e−iω(τ1−τ2)G(ω, ω + nω0). (S-34b)
Let us denote Gmn(ω) ≡ G(ω +mω0, ω + nω0) for which we have Gmn(ω) = Gm−n,0(ω + nω0).
The dc current which is the zeroth order (I0) in the Fourier expansion of the current [Eq. (S-34a)] is given by
I0 =
e
2h
t
∫
dω
(
ueiω0τG<,eeAL,10 + ve
iω0τG<,heAL,10 + v
∗e−iω0τG<,ehAL,−1,0 + u
∗e−iω0τG<,hhAL,−1,0
−u∗e−iω0τG<,eeLA,01 − v∗e−iω0τG<,ehLA,01 − veiω0τG<,heLA,0,−1 − ueiω0τG<,hhLA,0,−1
)
, (S-35)
where the superscripts ee, eh, he, and hh denote the matrix elements in the Nambu space. Using the Langreth
rule [59]
G<AL = G
r
At`
†g<L +G
<
A t`
†gaL, (S-36a)
G<LA = g
r
Lt`G
<
A + g
<
L t`G
a
A, (S-36b)
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where gL = diag
(
geeL , g
hh
L
)
, we have
G<,eeAL,10 = t
[(
Gr,eeA,11u
∗ +Gr,ehA,11v
∗
)
e−iω0τg<,eeL,00 +
(
G<,eeA,11u
∗ +G<,ehA,11v
∗
)
e−iω0τga,eeL,00
]
, (S-37a)
G<,hhAL,−1,0 = −t
[(
Gr,heA,−1,−1v +G
r,hh
A,−1,−1u
)
eiω0τg<,hhL,00 +
(
G<,heA,−1,−1v +G
<,hh
A,−1,−1u
)
eiω0τga,hhL,00
]
, (S-37b)
G<,heAL,10 = t
[(
Gr,heA,11u
∗ +Gr,hhA,11v
∗
)
e−iω0τg<,eeL,00 +
(
G<,heA,11u
∗ +G<,hhA,11 v
∗
)
e−iω0τga,eeL,00
]
, (S-37c)
G<,ehAL,−1,0 = −t
[(
Gr,eeA,−1,−1v +G
r,eh
A,−1,−1u
)
eiω0τg<,hhL,00 +
(
G<,eeA,−1,−1v +G
<,eh
A,−1,−1u
)
eiω0τga,hhL,00
]
, (S-37d)
G<,eeLA,01 = t
[
g<,eeL,00 e
iω0τ
(
uGa,eeA,11 + vG
a,he
A,11
)
+ gr,eeL,00e
iω0τ
(
uG<,eeA,11 + vG
<,he
A,11
)]
, (S-37e)
G<,hhLA,0,−1 = −t
[
g<,hhL,00 e
−iω0τ
(
v∗Ga,ehA,−1,−1 + u
∗Ga,hhA,−1,−1
)
+ gr,hhL,00e
−iω0τ
(
v∗G<,ehA,−1,−1 + u
∗G<,hhA,−1,−1
)]
, (S-37f)
G<,heLA,0,−1 = −t
[
g<,hhL,00 e
−iω0τ
(
v∗Ga,eeA,−1,−1 + u
∗Ga,heA,−1,−1
)
+ gr,hhL,00e
−iω0τ
(
v∗G<,eeA,−1,−1 + u
∗G<,heA,−1,−1
)]
, (S-37g)
G<,ehLA,01 = t
[
g<,eeL,00 e
iω0τ
(
uGa,ehA,11 + vG
a,hh
A,11
)
+ gr,eeL,00e
iω0τ
(
uG<,ehA,11 + vG
<,hh
A,11
)]
. (S-37h)
Substituting Eq. (S-37) into Eq. (S-35) and using geeL,00 = g
hh
L,00 = gL, we have
I0 =
e
2h
t2
∫
dω
{[
|u|2(Gr,eeA (ω+)−Ga,eeA (ω+)) + uv∗(Gr,ehA (ω+)−Ga,ehA (ω+))
+u∗v(Gr,heA (ω+)−Ga,heA (ω+)) + |v|2(Gr,hhA (ω+)−Ga,hhA (ω+))
]
g<L (ω)
−
[
|v|2(Gr,eeA (ω−)−Ga,eeA (ω−)) + uv∗(Gr,ehA (ω−)−Ga,ehA (ω−))
+u∗v(Gr,heA (ω−)−Ga,heA (ω−)) + |u|2(Gr,hhA (ω−)−Ga,hhA (ω−))
]
g<L (ω)
+
[
|u|2G<,eeA (ω+) + uv∗G<,ehA (ω+) + u∗vG<,heA (ω+) + |v|2G<,hhA (ω+)
]
[gaL(ω)− grL(ω)]
−
[
|v|2G<,eeA (ω−) + uv∗G<,ehA (ω−) + u∗vG<,heA (ω−) + |u|2G<,hhA (ω−)
]
[gaL(ω)− grL(ω)]
}
. (S-38)
Furthermore, by using the relation G< −G> = Ga −Gr, we obtain
I0 =
e
2h
t2
∫
dω
{[
|u|2G>,eeA (ω) + uv∗G>,ehA (ω) + u∗vG>,heA (ω) + |v|2G>,hhA (ω)
]
g<L (ω−)
−
[
|v|2G>,eeA (ω) + uv∗G>,ehA (ω) + u∗vG>,heA (ω) + |u|2G>,hhA (ω)
]
g<L (ω+)
−
[
|u|2G<,eeA (ω) + uv∗G<,ehA (ω) + u∗vG<,heA (ω) + |v|2G<,hhA (ω)
]
g>L (ω−)
+
[
|v|2G<,eeA (ω) + uv∗G<,ehA (ω) + u∗vG<,heA (ω) + |u|2G<,hhA (ω)
]
g>L (ω+)
}
. (S-39)
The current can be written more compactly as
I =
e
2h
∫
dωTr
[
G>A(ω)Σ˜
<
A(ω)−G<A(ω)Σ˜>A(ω)
]
, (S-40)
where
Σ˜<,>A (ω) = tˇ
†
(
g<,>L (ω−) 0
0 −g<,>L (ω+)
)
tˇ
= t2
(
u∗ −v
v∗ −u
)(
g<,>L (ω−) 0
0 −g<,>L (ω+)
)(
u v
−v∗ −u∗
)
= t2
(|u|2g<,>L (ω−)− |v|2g<,>L (ω+) vu∗ [g<,>L (ω−)− g<,>L (ω+)]
uv∗
[
g<,>L (ω−)− g<,>L (ω+)
] |v|2g<,>L (ω−)− |u|2g<,>L (ω+)
)
, (S-41)
with g<L (ω) = f(ω)(g
a
L(ω)−grL(ω)), g>L (ω) = −(1−f(ω))(gaL(ω)−grL(ω)) and grL(ω−) = grL(ω+) ≡ −ipiν0. Substituting
the expressions for Σ˜<,>A (ω) [Eqs. (S-41)], G
<
A(ω) [Eqs. (S-25)], and the corresponding equations for G
>
A(ω) into
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Eq. (S-40), we obtain Eq. (8) of the main text:
I(V ) =
e
h
Γ2
∫
dωA(ω)[f(ω−)− f(ω+)], (S-42)
where
A(ω) = 4|uv|
2[
ω − (εA+
√
2λ〈xˆ〉)2
ω − (Γu−Γv)
2
4ω
]2
+ (Γu + Γv)2
, (S-43)
with Γu = Γ|u|2 and Γv = Γ|v|2. Note that the term 〈xˆ〉 is evaluated self-consistently using Eq. (10) of the main text:
〈xˆ〉 = −
√
2λ
Ω
〈γˆ†γˆ〉 = − λ√
2Ω
{
1− i
∫
dω
2pi
Tr
[
G<A(ω)ηz
]}
. (S-44)
